ABSTRACT. In the paper we find characterizations of some notions studied by Ku laga [5] and we generalize his results. In particular, we characterize regularity and completeness of factor subalgebras via stability of the decidability operator and we discuss some possibilities in defining the notions of first category and Baire property in Boolean algebras.
Introduction
The notion of a "base of measurability" which we deal with in the present paper is a more general analogue to the "category base" from [6] . It allows to describe by algebraic means in a general way some common facts concerning measurability in the sense of Lebesgue measure and the Baire category. Here the term "measurability" resembles rather the Baire measurability than a measurability given by some real-valued function although both these notions of measurability contain the same aspect. The meaning of the term "mesurability" is related to the meaning presented in the work [3] where a "measurable space with negligibles" is a triple (X, Σ, I) where X is a set, Σ is a σ-algebra of subsets of X, and I is a σ-ideal of P(X) generated by I ∩ Σ. In literature there are many examples of bases of measurability and some of them have weaker properties than a category base. For example, the systems of Laver perfect sets or Miller perfect sets are not known to be category bases without assuming additional axioms of ZFC although assuming Martin's axiom they are such bases. However, the notions of measurability defined by these systems are attractive regardless the additional axioms.
In Section 2, following [5] , we introduce the base of measurability in a Boolean algebra A as a subset of P ⊆ A + together with the ideal of negligible sets s(P ) and the subalgebra dec(P ) ⊆ A of decidable elements according to P . It is quite a natural requirement for P that its elements are decidable, which is expressed by the term P is "separable" in the sense of [5] , which means that each element of P "separates" parts of a two-element partition of a dense subset of P . In all reasonable cases a base can be replaced by a "separable" one with the same s(P ) and dec(P ). To distinguish the exceptional cases of P we introduce other three properties -"eligible", "stable", and "weakly stable" -according to the possibility to replace P by a "separable" one so that s(P ) or dec(P ) is either changed or not. We show that the four considered properties of bases are distinct.
Section 3 is devoted to characterizations of inclusions s(P ) ⊆ s(Q) and dec(P ) ⊆ dec(Q). By some obvious reasons general characterizations of these inclusions are possible only for complete Boolean algebras A.
It is a natural and basic task to find a characterization of pairs of ideals I and subalgebras B for a given Boolean algebra A so that I = s(P ) and B = dec(P ) for some P . In Section 4 we prove that s(P ) is the least "P -regular" ideal, i.e., P/s(P ) is a regular subset of A/s(P ), and dec(P )/s(P ) is a regular subalgebra of A/s(P ) closed under infinite operations of A/s(P ) (written dec(P )/s(P ) ⊆ rc A/s(P )) if and only if P is "stable". The "if" direction was obtained by Ku laga as well as the characterization of pairs of I = s(P ) and B = dec(P ) in the case that we allow "stable" bases only (Corollary 4.17). The question for "non-stable" bases remains open. The importance of the relation ⊆ rc can be seen in the Marczewski Theorem 7.2, where the "covering" subalgebra necessarily is a ⊆ rc -subalgebra. We prove that for every ideal I ⊆ A disjoint from P , the ideal s(P I) is the least "P -regular" ideal containing I. We characterize the pairs of ideals I and subalgebras B ⊆ A such that dec(B \ I) = B I and s(B \ I) = I and prove that s(P ) is the intersection of all ideals I maximal with the property that P ∩ I = ∅.
In Section 5 we consider several disjointness properties of a base P ⊆ A + fulfilled by every category base. One of them is called the "strong reduction property" and it is somewhat weaker then the "disjoint refinement property" introduced by Ku laga. The factor algebra B/I is complete if and only if B \ I has the "strong reduction property" in B. We also prove that a base P has the "strong reduction property" in A if and only if P is "eligible" and dec(P )/s(P ) is complete. This improves the result of Ku laga saying that dec(P )/s(P ) is complete provided that P has the "disjoint refinement property". Moreover, we prove that if P has the "strong reduction property" in A, then for all "P -regular" ideals I in A, the factor algebras dec(P )/I are mutually isomorphic complete Boolean algebras and dec(P )/I ⊆ rc A/I (Corollary 5.12).
In Section 6 we deal with a possibility to define the ideal of meager elements and the subalgebra of Baire elements of a Boolean algebra A for a base P . Let us recall that for a category base the ideal I of meager sets is defined as the σ-ideal generated by negligible sets and the definition of the class of Baire sets corresponds to our definition of Baire(P, I). Then the ideal of meager sets satisfies the property expressed in Banach theorem ( [1] ). We call the ideals in Boolean algebras with this property "P -Banach" ideals (Definition 6.1). A "P -Banach" ideal need not be "P -regular" because it may happen that P ∩ I = ∅. But, if we put P I = the maximal open subset of P disjoint from I, then for P "eligible", I is "P -Banach" ⇐⇒ I is "P I -Banach" ⇐⇒ I is "P I -regular". This allows to apply the results of the previous sections for "P -Banach" ideals. We consider two ways of definition of the ideal of meager elements in A. The first ideal, denoted by I(P ), is closely related to the definition used by Ku laga for σ-complete Boolean algebras and also related to the definition of meager sets for category bases. The second ideal, denoted by I BM (P ), is defined by a modification of the Banach-Mazur game for the Boolean algebra A. The ideal I BM (P ) seems to be more appropriate than I(P ) because I BM (P ) is always "P -Banach" while to prove that I(P ) is "P -Banach" we need to assume the "orthogonalization property" for P . For the ideal I = I BM (P ) we have Baire(P, I) = dec(P I I) whenever P is "eligible" and, if P has the "strong reduction property", then Baire(P, I) = dec(P I ) I (Theorem 6.14). The same results for I(P ) require stronger assumptions on P and have its origin in [5] . We prove that I(P ) = I BM (P ), if P has the "orthogonalization property" and A is ω-distributive. Therefore I(P ) = I BM (P ) for every category base.
In Section 7 we prove that if P ⊆ P(X) has the "strong reduction property", then Baire(P, I) is closed under the Suslin operation A for every "P -Banach" σ-ideal I in P(X). In particular, Baire(P, I BM (P )) is closed under the operation A. This is a slight generalization of the theorem known for category bases.
Section 8 contains a list of several examples of bases of measurability.
Base of measurability
Let P be a partially ordered set, D ⊆ P , and let x ∈ P . We say that D is
If E, F are subsets of P , then E ≤ F means that u ≤ v for all u ∈ E and v ∈ F . The notions of dense and pre-dense subsets of a Boolean algebra A are always referred to P = A \ {0}.
MIROSLAV REPICKÝ
The operations on a Boolean algebra are denoted by usual symbols ∨, ∧, and − (we shall not use these symbols as logical connectives); the symbols ∪, ∩, and \ denote the corresponding set-theoretical operations; u v = (u−v)∨(v−u). If E and F are subsets of a Boolean algebra, then E + = E \ {0} and E ⊥ F means that u ∧ v = 0 for all u ∈ E and v ∈ F . Instead of E ≤ {u} and E ⊥ {u} we shall write E ≤ u and E ⊥ u. Let A be a Boolean algebra and let I ⊆ A be an ideal. For a set X ⊆ A we denote X/I = [x] I : x ∈ X where [x] I = {y ∈ A : x y ∈ I}. Then A/I is a Boolean algebra and if B is a subalgebra of A, then B/I is a subalgebra of A/I. The mapping h : A → A/I defined by h(x) = [x] I is the natural homomorphism and h(X) = X/I; then h −1 (X/I) = (X/I).
Ò Ø ÓÒ 2.1º ( [5] ) Let A be a Boolean algebra and let ∅ = P ⊆ A + .
(
dec(P ) is the set of decidable elements or also measurable elements and s(P ) is the set of negligible elements in the base of measurability P .
The motivation for dec(P ) and s(P ) comes from well-known Marczewski's properties (s) and (s 0 ) of sets in [9] . If A is a subalgebra of a Boolean algebra A and P ⊆ A, then
Ò Ø ÓÒ 2.2º ( [5] ) Let A be a Boolean algebra and let P, Q ⊆ A + .
Ä ÑÑ 2.3º Let A be a Boolean algebra and let P, Q ⊆ A + .
(4) dec(P ) = dec(P ↑ ) and s(P ) = s(P ↑ ). 
P r o o f. Conditions (1)-(4) are easy consequences of definitions; (5) is a consequence of (3) and (4) . For the inclusions in (6) notice that, if D(Q) denotes a dense subset of Q ∈ A (witnessing that a fixed x ∈ A belongs to dec(Q) resp. to s(Q)), then Q∈A D(Q) is a dense subset of A (and hence x ∈ dec A resp. x ∈ s A ). For the equality notice that if all Q ∈ A are open subsets of A and D is a dense subset of A, then D ∩ Q is a dense subset of Q for all Q ∈ A. Properties (7) and (8) Ò Ø ÓÒ 2.4º Let A be a Boolean algebra and let P ⊆ A + .
(1) P is separable if P ⊆ dec(P ).
(6) P is potentially eligible in A, if P is eligible in the Boolean completion of A.
Every separable set is eligible, every eligible set is stable, and every stable set is weakly stable (by Lemma 2.3 (2), (5), and (8), respectively). Every eligible set is potentially eligible. Moreover, if A is a subalgebra of a Boolean algebra A and P ⊆ A, then the following holds.
(i) P is separable in A if and only if P is separable in A .
(ii) If P is eligible in A, then P is eligible in A .
P is potentially eligible if and only if for every u ∈ P there is a nonempty open subset E ≤ u of P such that the set E ∪ {v ∈ P : v ⊥ E} is an open dense subset of P .
Ì ÓÖ Ñ 2.5º
(1) P is eligible if and only if P ∼ Q for some separable set Q.
(2) P is stable if and only if dec(P ) = dec(Q) and s(P ) = s(Q) for some separable set Q.
(2) If dec(P ) = dec(Q) and s(P ) = s(Q) with separable Q, then dec(P ) = dec(Q) = dec(dec(Q) \ s(Q)) = dec(dec(P ) \ s(P )).
The inverse implications hold by definitions since dec(P ) \ s(P ) is separable.
If P is weakly stable, then dec(P ) ⊆ dec(Q) and s(P ) = s(Q) for some separable set Q (take Q = dec(P ) \ s(P )). The converse of this implication does not hold because of the characterization in Theorem 4.13 below.
Remark 2.6º
(1) If B is a subalgebra of a Boolean algebra A and I ⊆ B is an ideal, then B \ I is a separable subset of A. In particular, B + is separable. (3) In the Boolean algebra A = P(R) there is an eligible set P which is not separable. Let P be the system of all sets of reals with positive inner measure. Then dec A (P ) is the σ-algebra of measurable sets, s A (P ) is the σ-ideal of measure zero sets, and P \ dec(P ) ∼ P ∼ dec(P ) \ s(P ).
(4) Let P, Q ⊆ A + and P, Q = ∅. If P and Q are open disjoint subsets of P ∪Q (i.e., u v and v u for u ∈ P and v ∈ Q) and u∧v = 0 for all u ∈ P and v ∈ Q, then dec(P ∪Q) = dec(P )∩dec(Q) = s(P ∪Q)∪ x ∈ A : −x ∈ s(P ∪Q) and s(P ∪ Q) = s(P ) ∩ s(Q) (see also Lemma 2.3 (6)). Hence, P ∪ Q is stable and nowhere eligible because dec(P ∪ Q) \ s(P ∪ Q) is a filter disjoint from P ∪ Q. P ∪ Q is neither potentially eligible.
(5) Let u ∈ A \ {0, 1}. The sets {u} and {u, −u} are separable, dec({u}) = {x ∈ A :
(6) Let P = B \ I where B is a subalgebra of a Boolean algebra A and I is an ideal in B. Assume that x ∈ A is a Bernstein element for P , i.e., for all u ∈ P , u ∧ x = 0 and u − x = 0. Denote 1 we have w ≤ u and w ∧ a = 0. Finally w ∈ P because x is Bernstein for P and hence v 0 − u ∈ I and v 1 − v 0 ∈ I.) (7) Assume that P, Q ⊆ A + , P, Q = ∅, and u ∧ v = 0 for all u ∈ P and v ∈ Q.
The Boolean algebra A = P(R) has a subset P which is not weakly stable and a weakly stable subset Q which is not stable. Fix a sequence I n : n ∈ ω of pairwise disjoint nonempty open intervals, let u n = k≥n I k ∩ Q for n ∈ ω, and let M ⊆ u 0 selects exactly one point from each I n ∩ Q. Let N be the ideal of nowhere dense subsets of R. Denote P 0 = I : I is an open interval and |{k : (1) dec(P ) = A and s(P ) = I.
(2) s(P ) ⊆ I, P ∩ I = ∅, and dec(P ) \ I is a dense subset of A \ I. For subsets B, I, P of a Boolean algebra A we define
Clearly, cmpl(B) = cov(B, A \ B). We shall use these definitions only in the case when B is a subalgebra or an ideal and I is an ideal. If P Q and I is an ideal in A, then cov(I, P ) ≤ cov(I, Q).
Ì ÓÖ Ñ 2.10º Let A be a Boolean algebra and let P ⊆ A + .
(1) min{cmpl(dec(P )), cov(s(P ), P )} ≤ cmpl(s(P )) ≤ cov(s(P ), P ).
(2) If P is stable, then cmpl(s(P )) = min{cmpl(dec(P )), cov(s(P ), P )}.
(2) By (1) it remains to prove cmpl(s(P )) ≤ cmpl(dec(P )). By Theorem 2.5 we can assume that P is a separable subset of A. We follow the proof of [5: Lemma 4.1]: Suppose that R ⊆ dec(P ), |R| < cmpl(s(P )), and x = R. We prove that x ∈ dec(P ). Let u ∈ P . If u ∧ r ∈ s(P ) for all r ∈ R, then u ∧ x ∈ s(P ) by completeness of s(P ) and so there is v ≤ u in P such that Ò Ø ÓÒ 2.11º Let A be a Boolean algebra and let ∅ = P ⊆ A + . We say that P is a π-complete subset of A, if for every finite set P 0 ⊆ P either P 0 = 0, or there is a lower bound for P 0 in P .
If P is π-complete, then P is separable. The inverse is not true because if B is a subalgebra of A and I = {0} is a non-maximal ideal in B, then B \ I is separable but not π-complete.
Ä ÑÑ 2.12º P is π-complete if and only if P is separable and
∀P 0 ∈ [P ] <ω P 0 = 0 or P 0 / ∈ s(P ) .
Remark 2.13º
For P ⊆ A + let P be the closure of P under finite meets and let I P ⊆ s(P ) be the ideal in A generated by (P ∪ {0}) ∩ s(P ).
(1) If P is separable and I is an ideal in A disjoint from P with I P ⊆ I, then P/I is a π-complete subset of (A/I) + .
(2) If P is separable, then P is π-complete if and only if I P = {0}. (3) If I P = {0}, then P is π-complete if and only if P is separable.
Remark 2.14º
Let P be a subset of a Boolean algebra A and let 
The following holds:
Comparing of bases of measurability
In the present section we give some characterizations of the inclusions s(P ) ⊆ s(Q) and dec(P ) ⊆ dec(Q). These results are not necessary for reading other parts of the paper so the reader can skip them if he wishes. Ò Ø ÓÒ 3.1º Let A be a Boolean algebra and let P, Q ⊆ A
Ä ÑÑ 3.2º The relations , 1 , 2 are all reflexive and transitive.
P r o o f. To see that , 1 , 2 are reflexive notice that for Q = P in Definition 3.1 (1), (2) , and (3) we have, respectively,
We are going to prove that , 1 , 2 are transitive and let P, Q, R ⊆ A + be arbitrary nonempty.
Let us assume that P Q R and we prove P R. Let D be a dense
Let us assume that P 1 Q 1 R and we prove
The arguments for transitivity of 2 are similar to the arguments for transitivity of 1 .
(1) is easy and (2) holds because, if D is a dense subset of P , then {D, ∅} is a cut of P .
( (2) and (3). We prove dec(P ) ⊆ dec(Q). Let x ∈ dec(P ) and set
Ì ÓÖ Ñ 3.4º Let A be a complete Boolean algebra and let P, Q ⊆ A + .
(1) P 1 Q if and only if s(P ) ⊆ s(Q). (2) P 2 Q if and only if s(P ) ⊆ s(Q) and dec(P ) ⊆ dec(Q).
P r o o f. The "only if" parts follow by assertions (3) and (4) of Lemma 3.3. It remains to prove the "if" parts.
BASES OF MEASURABILITY IN BOOLEAN ALGEBRAS
(1) Let us assume that s(P ) ⊆ s(Q) and let D be a dense subset of P . Let x = − D. Then x ∈ s(P ) and hence also x ∈ s(Q). We prove that the set
(2) Let us assume that
In the case when A is complete the conditions in definitions of 1 and 2 can be simplified a bit and it is not difficult to see the following:
Ì ÓÖ Ñ 3.5º Let A be a complete Boolean algebra and let P, Q ⊆ A + .
(1) s(P ) ⊆ s(Q) if and only if for every dense subset D of P there exists a dense subset D of Q such that D ≤ D. (2) s(P ) ⊆ s(Q) and dec(P ) ⊆ dec(Q) if and only if for every cut {D
(3) dec(P ) ⊆ dec(Q) if and only if for every cut {D 1 , D 2 } of P and every
For a π-complete set see Definition 2.11:
Ì ÓÖ Ñ 3.6º Let P ⊆ Q and let Q be a π-complete subset of a Boolean algebra A. The following conditions are equivalent: (4) and (2) =⇒ (5) =⇒ (4) hold by Lemma 3.3. We prove (4) =⇒ (1). Let s(P ) ⊆ s(Q) and let D ⊆ P be a dense subset of P . We prove that
, and hence there is v ∈ D such that u ∧ v = 0. As P ⊆ Q, v ∈ Q and by π-completeness of Q we can find w ∈ Q such that w ≤ u ∧ v. Then w ∈ D and w ≤ u.
Towards a characterization of dec(P ) and s(P )
Let us recall that a Boolean algebra B is a regular subalgebra of a Boolean algebra A if B is a subalgebra of A and every partition of the unit in B is a partition of the unit in A (see e.g. [8] ).
Ò Ø ÓÒ 4.1º Let A be a Boolean algebra, let P ⊆ A + , and let B be a subalgebra of A. We say that P is a regular subset of A if P ⊆ A + and every dense subset of P is a pre-dense subset of A. We say that B is an A-complete subalgebra of A, if B is closed under the least upper bounds computed in A. We write P ⊆ r A, if P is a regular subset of A, we write B ⊆ r A, if B is a regular subalgebra of A, and we write B ⊆ rc A, if B is a regular A-complete subalgebra of A. 
Ä ÑÑ 4.2º Let P be a π-complete subset of a Boolean algebra A and let P be the closure of P under the least upper bounds computed in A.
(1) P ⊆ dec(P ) and if
(1) If x ∈ P and x = P 0 for some P 0 ⊆ P , then for every u ∈ P either there is v ∈ P 0 such that u ∧ v = 0 or u ∧ x = 0. In the former case there is w ≤ u in P such that w ≤ u and w ≤ x. It follows that x ∈ dec(P ). Therefore P ⊆ dec(P ).
(2) If s(P ) = {0}, then dec(P ) = dec(dec(P ) + ) because P is stable. By (1), dec(P ) + ⊆ dec(P ) because dec(P ) + is a π-complete subset of A, and hence dec(P ) is A-complete. (1) ([5: Example 2.1]) Let X be a topological space, let Open(X) be the system of open sets in X and let N (X) be the system of nowhere dense subsets of X. Then A = P(X) is a complete Boolean algebra, P = Open(X) \ {∅} is a π-complete subset of A, P = Open(X), s(P ) = N (X), and dec(P ) = Open(X) N (X) = Open(X) ∨ N (X) is the field of subsets of X with nowhere dense boundary. (2) If
, and consequently, P is also weakly stable; if P is weakly stable and 
We will return to the conditions that Lemma 4.4 deals with in Remark 4.20.
Ä ÑÑ 4.5º Let A be a Boolean algebra, let P ⊆ A + , let I be an ideal in A disjoint from P , and let h : A → A/I be the natural homomorphism. Then P/I ⊆ (A/I)
+ and the following assertions hold:
(1) For x ∈ A the following four conditions are equivalent:
This proves the equality dec A (P I) = h −1 (dec A/I (P/I)).
By definition, x ∈ dec A (P ) if and only if
If (v) holds, for some x ∈ A, then the existential quantifier in (ii) will be satisfied
This proof is similar to the proof of (1).
Remark 4.6º
The assertions of Lemma 4.5 can be read also as:
For Q = h(P ) they can be read also as:
Ò Ø ÓÒ 4.7º Let A be a Boolean algebra and let P ⊆ A
+ . An ideal I ⊆ A is said to be a P -regular ideal in A, if I ∩ P = ∅ and P/I ⊆ r A/I.
Ä ÑÑ 4.8º Let A be a Boolean algebra and let
(1) An ideal I in A is P -regular in A if and only if I ∩ P = ∅ and for all x ∈ A, x ∈ I if and only if (∀u ∈ P )(∃v (1) The following conditions are equivalent:
(2) The following conditions are equivalent:
The following conditions are equivalent:
Moreover, every condition in (1) implies the conditions in (2) and every condition in (2) implies the conditions in (3).
P r o o f. The proof of (1a) =⇒ (1c) and (1b) =⇒ (1c). As I ⊆ s A (P I) ⊆ dec A (P I), and by Lemma 2.3 (1), I ∩ dec A (P ) ⊆ s A (P ), each of the equalities dec A (P ) = dec A (P I) and s A (P ) = s A (P I) implies I ⊆ s A (P ).
The proof of (1c) =⇒ (1d). Let I ⊆ s(P ). P I P because P ⊆ P I. We prove P P I. Let u ∈ P and s ∈ I. As s ∈ s(P ), there is v ≤ u in P such that v ∧ s = 0 and so v ≤ u s.
The implications (1d) =⇒ (1a) and (1d) =⇒ (1b) hold by Lemma 2.3 (3). The equivalences (2a) ⇐⇒ (2b) and (3a) ⇐⇒ (3b) hold by Lemma 4.5. (2c) ⇐⇒ (2b) and (3c) ⇐⇒ (3b) hold because I ⊆ s A (P I) ⊆ dec A (P I), and (3d) ⇐⇒ (3c) holds by Lemma 4.9 because s A (P s A (P ) I) = s A (P I).
Clearly, (1a) implies (2b). We prove (2c) =⇒ (3c).
Ä ÑÑ 4.11º Let A be a Boolean algebra, let P ⊆ A + , and let I ⊆ s(P ) be an ideal in A. Then P is a separable (eligible, stable, weakly stable, resp.) subset of A if and only if P/I is a separable (eligible, stable, weakly stable, resp.) subset of A/I. P r o o f. The definitions of these properties can be verified using Lemma 4.5. For properties "stable" and "weakly stable" Lemma 4.5 should be applied twice together with Lemma 4.10. For example:
(The first equality holds because I ⊆ s(P ); for the second equality the inclusions I ⊆ s(P ) ⊆ s(dec(P ) \ s(P )) should be exploited.) Therefore P is stable (lefthand sides equal) if and only if h(P ) = P/I is stable (right-hand sides equal). Weak stability can be verified in the same way.
Ì ÓÖ Ñ 4.12º Let A be a Boolean algebra, let P ⊆ A + , and let I be an ideal in A disjoint from P .
(1) s(P ) is the least P -regular ideal and dec(P ) = dec(P s(P )) = dec A/s(P ) (P/s(P )). (1) P/s(P ) ⊆ r A/s(P ). (2) Let dec(P )/s(P ) ⊆ r A/s(P ). Then (dec(P ) \ s(P ))/s(P ) ⊆ r A/s(P ). By the minimality property of the ideal s(dec(P ) \ s(P )) from Theorem 4.12 (1) we obtain s(dec(P )\s(P )) ⊆ s(P ) and consequently P is weakly stable. Conversely, if P is weakly stable, then by (1) for P = dec(P ) \ s(P ) we have (dec(P ) \ s(P ))/s(P ) ⊆ r A/s(P ) because s(P ) = s(P ).
(3) By (1), s(P/s(P )) = {0/s(P )}. Therefore, by Lemma 4.4 (3) applied for the factor algebra A/s(P ), P/s(P ) is stable if and only if dec(P/s(P )) ⊆ rc A/s(P ). By implication (1)(c) =⇒ (2)(a) from Lemma 4.10 for I = s(P ) we have dec(P )/s(P ) = dec(P/s(P )), and by Lemma 4.11, P is stable if and only if P/s(P ) is stable. 
(3) B/I is a regular subalgebra of A/I if and only if s A ((B I) \ I) = I. (4) In each of the inclusions in (1) and (2) the equality holds if and only if I ⊆ s A (B \ I).

P r o o f. It is enough to consider P = B \ I because (B \ I) I = (B I) \ I.
In the same way also other parts of Lemma 4.10 can be rephrased. Theorem 4.12 (1) has the following form:
ÓÖÓÐÐ ÖÝ 4.15º Let B be a subalgebra of a Boolean algebra A and let I be an ideal in A. Then s(B \ I) is the least ideal J in A with respect to the inclusion such that J ∩ B = I ∩ B and B/J is a regular subalgebra of A/J.
P r o o f. By Theorem 4.12, s(B \ I) is the least ideal J such that J ∩ (B \ I) = ∅ and (B \ I)/J ⊆ r A/J. Then J ∩ B = I ∩ B and (B \ I)/J = (B/J)
+ .
Ì ÓÖ Ñ 4.16º Let B be a subalgebra of a Boolean algebra A and let I be an ideal in A. The following conditions are equivalent:
(1) dec(B \ I) = B I and s(B \ I) = I.
(2) dec(B \ I) = B I and I ⊆ s(B \ I). (3) B/I ⊆ rc A/I and I ⊆ s(B \ I).
P r o o f. We prove (2) =⇒ (3) =⇒ (1). If (2) holds, then we can apply the equality in Lemma 4.14 (1) and hence dec((B/I) + ) = dec(B \ I)/I = (B I)/I = B/I. By Lemma 4.4 (3), B/I ⊆ rc A/I.
If ( (1) There exists a stable set P ⊆ A + such that dec(P ) = B and s(P ) = I.
(2) There exists a separable set P ⊆ A + such that dec(P ) = B and s(P ) = I. 
Ä ÑÑ 4.18º Let A be a Boolean algebra, let P ⊆ A
+ , and let I be an ideal in A disjoint from P .
(1) If P is separable, then also P I is separable.
(2) If P is eligible, then also P I is eligible.
(1) If P ⊆ dec(P ), then P I ⊆ dec(P ) I ⊆ dec(P I).
(2) Let P be eligible and Q separable with P ∼ Q (see Theorem 2.5). Then P I ∼ Q I, and by (1), Q I is separable. Therefore P I is eligible.
The inverse implications do not hold by Lemma 4.21.
ÓÖÓÐÐ ÖÝ 4.19º Let A be a Boolean algebra, let P be an eligible subset of A + , and let I ⊆ A be an ideal disjoint from P . Then conditions (2a)-(2c) in Lemma 4.10 are equivalent to condition (d) (dec(P ) I)/(s(P ) I) ⊆ rc A/(s(P ) I).
P r o o f. We prove (c) ⇐⇒ (d). By Lemma 4.18, P I is eligible and hence stable. If dec(P I) = dec(P ) I, then by (3c), s(P I) = s(P ) I, and hence by Theorem 4.13, (dec(P ) I)/(s(P ) I) = dec(P I)/s(P I) ⊆ rc A/(s(P ) I). Conversely, assume (d) holds. By Lemma 2.3 (1), dec(P ) \ (s(P ) I) = dec(P ) \ s(P ) because s(P ) I ⊆ s(P I) is disjoint from P ⊆ P I. By (d) and the equivalence (3) ≡ (4) of Corollary 4.17 we have dec(P ) I = dec((dec(P ) I) \ (s(P ) I)) = dec((dec(P ) \ s(P )) I) = dec(P I) because P ∼ dec(P ) \ s(P ) and P I ∼ (dec(P ) \ s(P )) I.
Remark 4.20º
Let A be a Boolean algebra and let us consider the following conditions for P ⊆ A + :
(α) P is a regular subset of A.
(γ) dec(P ) is a regular subalgebra of A.
There are six reasonable combinations of these properties because (β) =⇒ (γ) holds. Let us also note that (α) =⇒ (β) holds for stable P and (α) =⇒ (γ) holds for weakly stable P (see Lemma 4.4) . Here are the examples:
(αβγ) Let B ⊆ rc A. Then P = B + is a regular subset of A and dec(P ) = B ⊆ rc A.
(αβγ) If P is a non-stable weakly stable subset of A, then P = P/s(P ) is a regular non-stable weakly stable subset of A/s(P ). Consequently, (α) and (γ) holds for P , but by Theorem 4.13, (β) does not hold for P .
(αβγ) If P is a non-weakly stable subset of A, then P = P/s(P ) is a regular non-weakly stable subset of A/s(P ). Consequently, (α) holds and (β) and (γ) do not hold for P .
(ᾱβγ) If I is a nontrivial ideal in A, then P = A \ I is not a regular subset of A, but dec(P ) = A ⊆ rc A. We can also consider A to be a subalgebra of a Boolean algebra A which is a direct sum of A and another Boolean algebra. Then the above P is not a regular subset of A and dec A (P ) = A ⊆ rc A .
(ᾱβγ) Let P and A satisfy (αβγ) and let A be the disjoint sum of A and another Boolean algebra. Then P and A satisfy (ᾱβγ).
Ä ÑÑ 4.21º Let A be a Boolean algebra, let P ⊆ A + and let I be an ideal in A disjoint from P maximal with respect to the inclusion. Then P I is separable, dec(P I) = A, s(P I) = I, and hence I is P -regular. If P is separable, then dec(P ) I is a dense subalgebra of A.
P r o o f. P I is a dense subset of A \ I because every x ∈ A with no element from P I below belongs to I. Hence P I is separable and, by Lemma 2.7, dec(P I) = A and s(P I) = I. By Lemma 4.9, I is P -regular. If P is separable, then P I ⊆ dec(P ) I.
Ò Ø ÓÒ 4.22º Let s *
A (P ) be the intersection of all ideals in A disjoint from P that are maximal with respect to the inclusion.
Ä ÑÑ 4.23º s * (P ) = s(P ).
P r o o f. By Lemma 4.21 and by Theorem 4.12, s(P ) ⊆ s * (P ) because s(P ) is the least P -regular ideal in A disjoint from P . Assume that x ∈ s * (P ) \ s(P ). Let u ∈ P be such that (∀v ∈ P )[v ≤ u =⇒ v ∧x = 0] and let I ⊇ s(P )∪{u−x} be an ideal disjoint from P maximal with respect to the inclusion. Then u ∈ I because u − x ∈ I and x ∈ s * (P ) ⊆ I. This contradiction proves that s * (P ) = s(P ).
ÉÙ ×Ø ÓÒ 4.24º Let A be a complete Boolean algebra. By Lemma 4.4 and Theorem 4.13, B is a complete subalgebra of A if and only if there is a regular stable subset P ⊆ A + such that B = dec(P ). What subalgebras of A have the form dec(P ) for some regular subset P of A?
Completeness of dec(P )/s(P )
Ò Ø ÓÒ 5.1º Let A be a Boolean algebra, let P ⊆ A + , let κ be an infinite cardinal, and let A be the Boolean completion of A.
(1) We say that P has the disjoint refinement property (see [5] ), if for every open dense subset D of P there exists an antichain E ⊆ D in A which is P -maximal, i.e., (∀u ∈ P )(∃v ∈ E)(∃w ∈ P )(w ≤ u ∧ v). (Then, E ⊆ dec(P ).)
(2) We say that P has the reduction property, if for every open set D ⊆ P there exists a dense subset (5) We say that P is κ-resolute, if for any set S ⊆ P of pairwise disjoint elements of size < κ, the set
is a dense subset of P .
Remark 5.2º
Let us note that a category base (see [6] ), in our terminology, is a pair (X, C) such that C is a |C|-resolute subset of P(X) \ {∅} and X = C.
The following lemma is easy and we leave the proof to the reader.
Ä ÑÑ 5.3º Let A be a Boolean algebra and let P, Q ⊆ A
+ be such that P ∼ Q. If Q has the reduction property (strong reduction property in A, resp.), then P has the reduction property (strong reduction property in A, resp.).
Ä ÑÑ 5.4º Let A be a Boolean algebra, let P ⊆ A
+ , and let A be the Boolean completion of A.
(1) If P is a π-complete subset of A + , then P is κ-resolute for all κ and P has the disjoint refinement property.
(2) If P is separable and s(P ) is a κ-complete ideal, then P is κ-resolute.
(4) P is ω-resolute if and only if P is separable.
(5) If P has the strong reduction property in A, then P has the reduction property.
(6) P has the reduction property if and only if P has the strong reduction property in A.
(7) P has the strong reduction property in A if and only if P is eligible and dec(P ) \ s(P ) has the strong reduction property in A.
(8) If P has the reduction property, then P is potentially eligible. (9) If P has the disjoint refinement property, then dec(P )∩P is a dense subset of P with the disjoint refinement property and also dec(P ) \ s(P ) has the disjoint refinement property. (10) If P is eligible and dec(P ) \ s(P ) has the disjoint refinement property, then P has the orthogonalization property.
(11) If P has the orthogonalization property, then P is potentially eligible and P has the reduction property.
(12) If P has a separable dense subset, then P/s(P ) has the disjoint refinement property. In fact, the following conditions are equivalent: (a) P/s(P ) has the disjoint refinement property.
(b) P/s(P ) has a separable dense subset. (c) P s(P ) has a separable dense subset. (d) P/s(P ) has a π-complete dense subset.
P r o o f. (1)- (6) are easy consequences of definitions, (8) is a consequence of (7) and (6), and (10) holds by definition.
(7) By Lemma 5.3, the strong reduction property is retained in similar sets and it is enough to prove that dec(P ) \ s(P ) P , whenever P has the strong reduction property in A. Let u ∈ P . The set D = {v ∈ P : v ≤ u} is an open subset of P . Let x ∈ A and E be a dense subset of P such that E ∩ D ≤ x and E\D ⊥ x. Then also E∩D ≤ x∧u and E\D ⊥ x∧u. Hence x∧u ∈ dec(P )\s(P ) and x ∧ u ≤ u.
(9) If P has the disjoint refinement property, then for every u ∈ P there is a P -maximal antichain E ⊆ v ∈ P : (v ≤ u) or (∀v ≤ v) (v u) . Then E ⊆ dec(P ) and E contains a v ≤ u. Therefore dec(P )∩P is a dense subset of P and a dense subset of dec(P ) \ s(P ) and dec(P ) ∩ P has the disjoint refinement property.
(11) We prove that P has the reduction property. Then, by (8) , P is potentially eligible. By Lemma 5.3, the reduction property is retained in similar sets and, by (6) , without loss of generality we can assume that P has the disjoint re-
is open dense subset of P . Let E be a disjoint refinement for D . Then the set E = u ∈ P : (∃v ∈ E )(u ≤ v) is dense.
(12) We prove (a) =⇒ (b) =⇒ (c) =⇒ (d) =⇒ (a). If P/s(P ) has the disjoint refinement property, then by (7), P/s(P ) has a separable dense subset Q/s(P ) for some Q ⊆ P . Then Q s(P ) is a separable dense subset of P s(P ). It follows that Q/s(P ) is a π-complete dense subset of P/s(P ) and, by (1), this implies that P/s(P ) has the disjoint refinement property.
If P is κ-resolute and every disjoint system E ⊆ P has size < κ, then P is λ-resolute for all λ and the following lemma can be applied.
Ä ÑÑ 5.5º ([5, 6] ) Let A be a Boolean algebra and let P ⊆ A + .
(1) If P is a κ-resolute subset of A + and P has a dense subset of size ≤ κ, then P has the disjoint refinement property.
(2) If P is a separable subset of A + and P has a dense subset of size ≤ ω, then P has the disjoint refinement property. P r o o f. We prove (1); (2) is a special case of (1) by Lemma 5.4 (3) . Let us assume that D = {u α : α < κ} is a dense subset of P . By induction on α < κ construct a sequence of elements v α ∈ D such that for each α < κ, v α ≤ u α and either v α = v ξ for some ξ < α and then there is u ∈ P such that u ≤ u α ∧ v ξ , or v α ∧ v ξ = 0 for all ξ < α. In the induction step use the κ-resoluteness of P . Then E = {v ξ : ξ < κ} is a P -maximal antichain. 
Therefore B \ I has the strong reduction property.
Conversely, let us assume that B \ I has the strong reduction property. We prove that for every R ⊆ B \ I, the set R/I has the least upper bound in B/I. We claim that r − x ∈ I for all r ∈ R. Otherwise there is u ∈ E such that u ≤ r − x. Then u ∈ E ∩ D and u ≤ x which is a contradiction. Hence [x] I is an upper bound for R/I and we prove that [x] I is the least upper bound. Let y ∈ B be arbitrary such that r − y ∈ I for all r ∈ R and we show that x − y ∈ I. On the contrary assume that x − y ∈ B \ I and hence there is u ∈ E such that u ≤ x − y. If u ∈ E ∩ D, then there is r ∈ R such that u ≤ r and so
(2) As B is complete, by Lemma 5.4 (6), B \ I has the reduction property (in B) if and only if it has the strong reduction property in B.
One of the results of [5] says that if A is a complete Boolean algebra and P is a separable subset of A + with the disjoint refinement property, then dec(P )/s(P ) is complete. Now we have a closer approximation of the property "dec(P )/s(P ) is complete": Ì ÓÖ Ñ 5.8º Let A be a Boolean algebra and let P ⊆ A + . Then P has the strong reduction property in A if and only if P is eligible and the Boolean algebra dec(P )/s(P ) is complete. P r o o f. By Lemma 5.4 (7) and Theorem 5.7, the following conditions are equivalent:
P has the strong reduction property in A (equivalently, in dec(P )).
P is eligible and dec(P )\s(P ) has the strong reduction property in dec(P ). P is eligible and dec(P )/s(P ) is complete. Ì ÓÖ Ñ 5.11º Let A be a Boolean algebra, let P ⊆ A + , and let I be an ideal in A disjoint from P .
(1) If P has the strong reduction property in A, then P is stable and P I has the strong reduction property in dec(P ).
(2) If P is stable and P I has the strong reduction property in dec(P ), then (a) dec(P I) = dec(P ) s(P I), (b) dec(P )/s(P ) dec(P )/s(P I) = dec(P I)/s(P I) and these Boolean algebras are complete, (c) dec(P )/s(P ) ⊆ rc A/s(P ) and dec(P )/s(P I) ⊆ rc A/s(P I).
(1) If P has the strong reduction property in A, then P has the strong reduction property also in dec(P )
is an open subset of P . Hence there is z ∈ dec(P ) and a dense subset
.) This proves that P I has the strong reduction property in dec(P ).
(2) We prove dec(P I) ⊆ dec(P ) s(P I) (the reverse inclusion is obvious). Let x ∈ dec(P I). Then the union D of the open subsets D 1 = {u ∈ P I : u ≤ x} and D 2 = {u ∈ P I : u ∧ x = 0} of P I is open dense. As P I has the strong reduction property in dec(P ), there are y ∈ dec(P ) and a dense set E ⊆ P I such that E∩D 1 ≤ y and E\D 1 ⊥ y. The set E = (E∩D 1 )∪(E∩D 2 ) is dense and E ⊥ x y. Therefore x y ∈ s(P I) and x ∈ dec(P ) s(P I) because x = y (x y).
By Lemma 2.3, s(P I) ∩ dec(P ) = s(P ) because s(P ) ⊆ s(P I) and P ∩s(P I) ⊆ (P I)∩s(P I) = ∅. Therefore dec(P )/s(P ) dec(P )/s(P I) = dec(P I)/s(P I). Since P I has the strong reduction property in dec(P ), by Theorem 5.8 these algebras are complete and since P and P I are stable, by Theorem 4.13, dec(P )/s(P ) ⊆ rc A/s(P ) and dec(P I)/s(P I) ⊆ rc A/s(P I).
In a similar way it is possible to prove that if P has the reduction property or the disjoint refinement property, then P I has, respectively, the reduction property or the disjoint refinement property (see [5] for the case of disjoint refinement property).
Recall that P -regular ideals are the ideals of the form s(P I) for an ideal I ⊆ A + disjoint from P . We can rephrase Theorem 5.11 as follows:
ÓÖÓÐÐ ÖÝ 5.12º Let A be a Boolean algebra, let P ⊆ A + have the strong reduction property in A, and let I be a P -regular ideal in A. Then dec(P I) = dec(P ) I, dec(P )/I ⊆ rc A/I, dec(P )/s(P ) ⊆ rc A/s(P ), dec(P )/I dec(P )/s(P ), and dec(P )/I and dec(P )/s(P ) are complete.
BASES OF MEASURABILITY IN BOOLEAN ALGEBRAS
Example 5.13º Let A = P(R) and let I 0 be either the ideal N of measure zero sets or the ideal M of meager sets of reals or N ∩M. The factor algebra Borel/I 0 is complete hence the set P = Borel \ I 0 has the strong reduction property in P(R). One can verify that s(P ) = I 0 and hence dec(Borel \ I 0 ) = Borel I 0 . If an ideal I ⊆ P(R) is disjoint from P and maximal with respect to the inclusion, then I is P -regular and hence Borel/I 0 ∼ = Borel/I ⊆ rc P(R)/I.
ÓÖÓÐÐ ÖÝ 5.14º Let P ⊆ A
+ have the strong reduction property in A and let I be a P -regular ideal in A. Then cmpl(dec(P ) I) ≥ cmpl(I). P r o o f. By Theorem 2.10 (2) for P I instead of P because dec(P I) = dec(P ) I and s(P I) = I. Example 5.15º Let A = P(R) and P = Open(R) \ {∅}. Then P has the strong reduction property, dec(P ) is the algebra of sets with nowhere dense boundary (see Example 4.3 (1)). The ideal M of meager sets is P -regular because M = s(P M). It is a well known fact that if the ideal M is κ-complete, then the algebra of sets with the Baire property dec(P ) M = Open(R) M is κ-complete.
The first category ideal
Ò Ø ÓÒ 6.1º Let A be a Boolean algebra and let P ⊆ A + . We say that an ideal I in A is a P -Banach ideal, if for every x ∈ A,
We define Baire(P, I) to be the set of all x ∈ A such that
For example, the σ-ideal of meager sets in a topological space is a P -Banach ideal where P is the family of open sets (see [1] ). Remark 6.2º By ( * ), the property "P -Banach ideal" is absolute for subalgebras: If P ⊆ A ⊆ A and I is a P -Banach ideal in A , then I ∩ A is a P -Banach ideal in A. By Lemma 4.8 the property "P -regular ideal" is absolute in the same sense.
Notice that if I is disjoint from P , then for all x ∈ A,
Ä ÑÑ 6.3º Let I be an ideal in A and let P ⊆ A + .
(1) I ∩ P I = ∅.
(2) s(P ) = s(P I ) ∩ s(P ∩ I) and dec(P ) = dec(P I ) ∩ dec(P ∩ I). (7) If P has the strong reduction property in A, then there is x ∈ dec(P ) such that s(P I ) = s(P ) J x and dec(P I ) = dec(P ) J x , where
P r o o f. (1) is trivial and (2) follows by Lemma 2.3 (6) . In all proofs use the fact that P I is an open subset of P and P I ∪ (P ∩ I) is a dense subset of P . In (5) we can verify by ( * ) that s(P ) is the least P -Banach ideal, s(P I ) is a P -Banach ideal, and s(P I ) ⊆ I for every P -Banach ideal I. In (6) assume, for example, that P is eligible. For every u ∈ P I there is x ∈ dec(P ) \ s(P ) such that x ≤ u. By (2), x ∈ dec(P I ) and x / ∈ s(P I ) because there is v ∈ P such that v ≤ x and v ∈ P I because v ≤ u. Therefore P I is eligible.
(7) Let P have the strong reduction property in A. There are x ∈ dec(P ) and a dense set E ⊆ P such that E ∩ I ≤ x and E \ I ⊥ x. As E \ I is a dense subset of P I , x ∈ s(P I ), and by (2), s(P ) J x ⊆ s(P I ) and dec(P ) J x ⊆ dec(P I ). To prove the inverse inclusions, using the set E verify that, if y ∈ s(P I ), then y − x ∈ s(P ) and, if y ∈ dec(P I ), then y − x ∈ dec(P ). If I is P -Banach, then s(P I ) ⊆ I and hence x ∈ I. Ä ÑÑ 6.4º Let A be a Boolean algebra, let P ∼ Q be subsets of A + , and let I be an ideal in A.
(1) I is P -regular if and only if I is Q-regular. P r o o f. There is a separable set Q such that P ∼ Q. Then P I ∼ Q I , Q I and Q I I are separable, and P I I ∼ Q I I. By Lemma 6.3 and Lemma 6.4 we can reduce the proof of to a separable set Q. Therefore, without loss of generality let us assume that P is separable and I is disjoint from P ; hence P I = P . Every x ∈ A satisfying the right-hand side of ( * ) or ( * * ) satisfies, respectively, also the right-hand side of ( †) or ( ‡). If u, v ∈ P and v − u ∈ I, by separability of P there is v ≤ v in P such that v ≤ u. Hence the right-hand sides of the equivalences ( * ) and ( †) (and the right-hand sides of ( * * ) and ( ‡)) are equivalent for P . This finishes the proof of (1) and (2) .
By (1), for an ideal J such that P ∩ I = P ∩ J, the ideal J is P -Banach if and only if J is a P I -regular. The ideal J = s(P I I) is the least P I -regular ideal containing I and hence s(P I I) is the least P -Banach ideal containing I and disjoint from P I .
If we do not assume that P is eligible, then we have the following: ÓÖÓÐÐ ÖÝ 6.6º Let I be an ideal in a Boolean algebra A and let P ⊆ A + .
(1) If I is P -regular, then I is P -Banach. In [6] the ideal I of meager sets for a category base (X, C) is defined as the σ-ideal generated by s(C) and the family of Baire sets is defined to be Baire(C, I) in P(X). Ò Ø ÓÒ 6.7º Let A denote the Boolean completion of A. Let I(P ) be the set of those x ∈ A that there exist x n ∈ s A (P ) for n ∈ ω such that x = {x n : n ∈ ω} (computed in A). An element x ∈ I(P ) is called an element of first category. We write I A (P ) instead of I(P ) if the algebra A is not obvious from the context. By definition, I A (P ) = I A (P ) ∩ A.
Remark 6.8º
This definition extends the definition of meager elements from [5] for noncomplete Boolean algebras. We can see that s(P ) ⊆ I(P ) and, if s A (P ) ⊆ s A (Q), then I(P ) ⊆ I(Q). Clearly, x ∈ I(P ) if and only if x ∈ A and there exist open dense subsets D n ⊆ P for n ∈ ω such that x = y ≤ x : (∃n ∈ ω)(D n ⊥ y) . The property "x is an element of first category" is absolute for regular subalgebras: If P ⊆ A ⊆ r A , then I A (P ) = I A (P )∩A. In particular, if A is ω 1 -complete, then the ideal I(P ) is ω 1 -complete.
Ä ÑÑ 6.9º
If P is a stable subset of a Boolean algebra A and I(P ) ∩ P = ∅, then cmpl(s(P )) ≥ ω 1 if and only if cmpl(dec(P )) ≥ ω 1 . P r o o f. The lemma is a consequence of Theorem 2.10 (2) because cov(s(P ), P ) ≥ ω 1 holds by the hypotheses.
Ì ÓÖ Ñ 6.10º Let I be an ideal in A, let P ⊆ A + have the strong reduction property in A, and for x ∈ A let J x = {y ∈ A : y ≤ x}.
(1) There is x ∈ dec(P ) such that s(P I(P ) ) = s(P ) J x , dec(P I(P ) ) = dec(P ) J x , and I(P I(P ) ) = I(P ) J x .
(2) P I(P I(P ) ) = P I(P ) and P I(P I(P ) ) I(P I(P ) ) ∼ P I(P ) I(P ).
(3) Baire(P, I(P I(P ) )) = Baire(P, I(P )).
P r o o f. (1) and (4) By Lemma 6.3 (7) there is x ∈ dec(P ) such that s(P I(P ) ) = s(P ) J x and dec(P I(P ) ) = dec(P ) J x . The inclusion I(P ) J x ⊆ I(P I(P ) ) holds because s A (P ) ⊆ s A (P I(P ) ), hence I(P ) ⊆ I(P I(P ) ), and x ∈ s(P I(P ) ) ⊆ I(P I(P ) ). For the inverse inclusion let us assume that z ∈ I(P I(P ) ).
then by Lemma 6.3, x ∈ I(P ) and I(P ) J x = I(P ).
(2)-(3) We consider the x from part (1). There is a dense set D ⊆ P I(P ) such that D ⊥ x because x ∈ s(P I(P ) ). Then P I(P ) ∩ (I(P ) J x ) = ∅ and, by (1), P I(P I(P ) ) = P I(P ) J x = P I(P ) and P I(P ) I(P I(P ) ) = P I(P ) I(P ) J x ∼ P I(P ) I(P ). By Theorem 6.5, Baire(P, I(P I(P ) )) = dec(P I(P I(P ) ) I(P I(P ) )) = dec(P I(P ) I(P )) = Baire(P, I(P )).
Ì ÓÖ Ñ 6.11º ([5] ) If P ⊆ A + has the orthogonalization property, then I(P ) is P -Banach, I(P I(P ) ) = I(P ), and I(P ) is P I(P ) -regular. P r o o f. Let A denote the Boolean completion of A. Since P has the orthogonalization property there is a separable Q ⊆ (A) + with the disjoint refinement property such that P ∼ Q and then I A (P ) = I A (Q). By Lemma 6.4 and by the absoluteness mentioned in Remark 6.2 and Remark 6.8, without loss of generality we can assume that A is complete and P is separable and has the disjoint refinement property.
Let x ∈ A and let D be an open dense subset of P such that u ∧ x ∈ I(P ) for all u ∈ D. Let E ⊆ D be a P -maximal antichain in A. For every u ∈ E, since u ∧ x ∈ I(P ), there is a sequence x n (u) : n ∈ ω ⊆ s(P ) such that u∧x = n∈ω x n (u). As E is a P -maximal antichain u∈E x n (u) ∈ s(P ) for all n ∈ ω P r o o f.
(1) By Lemma 6.13,
is an open subset of P I I, and Lemma 4.5, because P J J = (P J I) J.
(2) By Lemma 6.13 (1), I BM (P ) is P -Banach. Therefore the assertion follows by (1) and Theorem 6.5.
(3) We write J instead of I BM (P ). By Lemma 6.13 (5), cmpl(J) ≥ ω 1 , and by (2), Baire(P, J) = dec(P J J) and s(P J J) = J. Therefore it is enough to verify the assumptions of Lemma 6.9 for the base Q = P J J. The set Q is stable by Lemma 4.18 and, by Lemma 6.13 (2) and (6) 
(4) By Lemma 5.4 (7), P is eligible. Hence all assertions follow by Theorem 6.5 (2) and Theorem 5.11, because by (2), s(P I BM (P ) I BM (P )) = I BM (P ), and by Theorem 6.11, s(P I(P ) I(P )) = I(P ), if P has the orthogonalization property. Ì ÓÖ Ñ 6.15º If P has the orthogonalization property and A is ω-distributive, then I(P ) = I BM (P ).
Let us recall that
P r o o f. Without loss of generality we can assume that A is complete and P has the disjoint refinement property because all notions in theorem are absolute for regular subalgebras and I(P ) = I(Q) and I BM (P ) = I BM (Q) whenever Q ∼ P .
Let f be a winning strategy of II in Γ(P, x). There are a tree S ⊆ <ω P , a sequence of P -maximal antichains E n+1 ⊆ P for n ∈ ω and a mapping ϕ which maps each E n+1 onto S ∩ 2n+2 P such that the following conditions hold:
(1) Each s ∈ S is a decreasing sequence in P and s(2k + 1) = f (s (2k + 1)) for all 2k + 1 < |s|, i.e., s is the result of a play in which player II uses his winning strategy f .
(2) E n+2 refines E n+1 and if v ∈ E n+1 , w ∈ E n+2 , and w ≤ v, then ϕ(v) = ϕ(w) (2n + 2) and ϕ(v)(2n + 1) ≥ v ≥ ϕ(w)(2n + 2) ≥ ϕ(w)(2n + 3) ≥ w.
We define by induction on n ∈ ω the levels S 2n = S∩ 2n P of the tree S, the sets E n+1 , and the mappings ϕ E n+1 : E n+1 → S 2n+2 . Let S 0 = {∅}. Assume that S 2n has been defined and we define E n+1 , S 2n+2 , and ϕ E n+1 : E n+1 → S 2n+2 . Let D n be the set of all v ∈ P for which there exist s v ∈ S 2n and u To obtain a contradiction let us assume that x / ∈ I(P ). Let x n = − E n+1 . Since n∈ω x n ∈ I(P ), there exists y ≤ x in A + such that y ∧ x n = 0 for all n ∈ ω.
By ω-distributivity of A there is a nonzero z ≤ y such that for every n ∈ ω there is v n+1 ∈ E n+1 such that z ≤ v n+1 . Then v n+2 ≤ v n+1 for all n and hence n∈ω ϕ(v n+1 ) is an infinite branch u n : n ∈ ω in s, which is a result of an infinite play in which player II used the strategy f . Since z ≤ x and z ≤ v n+1 ≤ u 2n+1 for all n, we have obtained a contradiction with the assumption that x ∈ I BM (P ). Therefore I(P ) = I BM (P ).
Suslin operation
The result of the Suslin operation A for a system of sets B s , s ∈ <ω ω, is defined by A{B s : s ∈ <ω ω} = x∈ ω ω n∈ω B x n .
Ò Ø ÓÒ 7.1º Let A be a Boolean algebra. We say that a set B ⊆ A is a covering subset of A if for every x ∈ A the set {u ∈ B : x ≤ u} has a least element which we call a covering of x in B.
Easily we can check that, if B is a covering subalgebra of A, then B ⊆ rc A. For the inverse implication some amount of the completeness of A is necessary to assume. For example: Let P 1 ⊆ A be the set of all nonzero open elements. Then P 1 is π-complete and hence it is separable and has the disjoint refinement property. s(P 1 ) is the set of nowhere dense elements and dec(P 1 ) = (P 1 ∪ {0}) s(P 1 ).
2º Let (X, O) be a topological space. Let A 2 = P(X) and let P 2 = O \ {∅}.
(a) P 2 is π-complete. Therefore, P 2 is separable and it is κ-resolute for all κ. In particular P 2 has the disjoint refinement property and (X, P 2 ) is a category base (in the sense of [6] ; see Lemma 5.4) . P 2 has the strong reduction property as well.
(b) s(P 2 ) is the family of nowhere dense subsets of X and dec(P 2 ) = O s(P 2 ) (Lemma 4.2).
(c) I(P 2 ) is the σ-ideal of meager sets in X, I(P 2 ) = I BM (P 2 ) (see proof of [7: Theorem 6.1] or Theorem 6.15).
(d) I(P 2 ) is a P 2 -Banach and (P 2 ) I(P 2 ) -regular σ-ideal and Baire(P 2 , I(P 2 )) = dec(P 2 ) I(P 2 ) = O I(P 2 ) is a σ-algebra of sets with the Baire property (Theorem 6.5, Theorem 6.14, Corollary 7.3, Corollary 5.12). It is closed under the Suslin operation A.
3º Let B be an infinite σ-complete Boolean algebra, X = St(B), A 3 = P(X), and let P 3 be the family of perfect subsets of X. Then P 3 is the closed set of non-principal ultrafilters.
Ä ÑÑ 8.1º
(1) Every infinite closed subset of St(B) contains a perfect subset. Using these facts we can easily verify that P 3 is separable and dec(P 3 ) contains all closed subsets of St(B). s(P 3 ) = I(P 3 ) is a P 3 -regular σ-ideal (use Lemma 8.1 (1) and (3)) and hence Baire(P 3 , I(P 3 )) = dec(P 3 ) (Lemma 4.10 and Theorem 6.5). P 3 is 2 4º Let A 4 = P(X) for an uncountable Polish space X, and let P 4 be the family of perfect subsets of X, i.e., nonempty closed sets without isolated points. It is known that P 4 , P 4 is a category base. Hence P 4 is 2 ω -resolute, has
